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A quadratic Lie superalgebra is a Lie superalgebra g s g [ g with a non-de-0 1
Ž .generate supersymmetric consistent i.e., even g-invariant bilinear form B; B is
called an in¤ariant scalar product of g. We obtain an inductive classification of
quadratic Lie superalgebras g s g [ g such that the action of g on g is0 1 0 1
completely reducible and g is a reductive Lie algebra. In the case of quadratic Lie0
superalgebras g s g [ g such that the action of g on g is completely0 1 0 1
Žreducible, we give an affirmative answer to the following open question H.
Ž . .Benamor and S. Benayadi, Comm. Algebra 27, No. 1 1999 , 67]88 : can every
B-irreducible non-simple quadratic Lie superalgebra be obtained by double exten-
sion? Next, we get an inductive classification of solvable quadratic Lie superalge-
bras g s g [ g such that the action of g on g is completely reducible.0 1 0 1
Finally, we give the classification of quadratic semisimple Lie superalgebras with
the completely reducible action of the even part on the odd part. Q 2000 Academic
Press
Key Words: quadratic Lie superalgebras; classical Lie superalgebras; simple Lie
superalgebras; double extension of quadratic Lie superalgebras.
0. INTRODUCTION
In this work, we consider finite-dimensional Lie superalgebras over an
algebraically closed commutative field K of characteristic 0.
Ž .Let g s g [ g be a Lie superalgebra over K. We denote by Der g0 1
Ž .the Lie superalgebra of superderivations of g , by z g the center of g ,
Ž .and by R g the greatest solvable graded ideal of g , called the radical
of g.
A quadratic Lie superalgebra is a Lie superalgebra g s g [ g with a0 1
non-degenerate supersymmetric, consistent, g-invariant bilinear form B;
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B is called an in¤ariant scalar product of g. The semisimple Lie algebras
Ž w x.and basic classical Lie superalgebras see 8, 9 belong to this class. But,
Žfor instance, many solvable Lie superalgebras also belong to this class see
w x.2, 10 . The quadratic Lie superalgebras appear, in particular, in the
w xnotion of Lie bi-superalgebras 7 and in physical models based on Lie
superalgebras. Recall that the importance of quadratic Lie algebras in
w xconformal field theory has to do with the following fact 6 : quadratic Lie
algebras are precisely the Lie algebras for which a Sugawara construction
w xexists. As shown in 5, 11 , quadratic Lie superalgebras also lead to the
Sugawara construction. Motivated by these facts, we started the study of
w x w xquadratic Lie superalgebras in 2 . In 2 , we generalize the notion of
double extension to quadratic Lie superalgebras. This notion was intro-
w xduced by A. Medina and Ph. Revoy 10 to study quadratic Lie algebras. To
do the same for the quadratic Lie superalgebras seems very difficult. The
.reasons for this difficulty are 1 a one-dimensional sub-space of a Lie
.superalgebra g is not in general a Lie sub-superalgebra of g , 2 Lie's
theorem does not necessarily hold for any solvable Lie superalgebra, and
Ž .3 the Levi]Malcev decomposition is not true in general in the case of Lie
w xsuperalgebras. Nevertheless, in 2 , we give an inductive classification of
the class of quadratic Lie superalgebras g s g [ g such that dim g s 2.0 1 1
In the second section of this paper, using a particular type of double
extension of quadratic Lie superalgebras, we obtain an inductive classifica-
tion of the quadratic Lie superalgebras g s g [ g such that the action0 1
of g on g is completely reducible and g is a reductive Lie algebra. This0 1 0
class of quadratic Lie superalgebras is interesting in that it is the next in
complexity after the often studied class of basic classical Lie superalgebras
w xby V. Kac in 8, 9 . We can consider the study of this section as an answer
w xto a natural question. In 3 , F. A. Berezin and V. S. Retakh studied the
structure of Lie superalgebras with a semisimple even part, and recently in
w x4 , A. Elduque derived an interesting theorem which describes the struc-
ture of the Lie superalgebras g s g [ g such that the action of g on0 1 0
g is completely reducible and g is a reductive Lie algebra. What about1 0
the structure of the quadratic Lie superalgebras g s g [ g such that0 1
the action of g on g is completely reducible and g is a reductive Lie0 1 0
algebra?
In the third section, in the case of quadratic Lie superalgebras g s g 0
[ g such that the action of g in g is completely reducible, we give an1 0 1
w xaffirmative answer to the following open question 2 : can every B-irreduci-
ble non-simple quadratic Lie superalgebra be obtained by double exten-
sion? Next, we obtain an inductive classification of solvable quadratic Lie
superalgebras g s g [ g such that the action of g on g is completely0 1 0 1
reducible, and we give a classification of quadratic semisimple Lie superal-
gebras with the completely reducible action of the even part on the odd
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part. Finally, using the first result of this section, we prove that if g is a
Lie superalgebra such that the action of g on g is completely reducible0 1
Ž .and dim g ) 2, then g admits a unique up to a constant quadratic
structure if and only if g is a basic classical Lie superalgebra.
Our paper is organized as follows. The first section will deal with some
previous results needed in the paper. The next one will be devoted to the
inductive classification of the quadratic Lie superalgebras g s g [ g0 1
such that the action of g on g is completely reducible and g is a0 1 0
reductive Lie algebra. In the last part, we will study the structure of the
quadratic Lie superalgebras g s g [ g such that the action of g on g0 1 0 1
is completely reducible and g is not necessarily a reductive Lie algebra.0
1. DEFINITIONS AND PRELIMINARY RESULTS
We recall in this section some results needed in this paper.
DEFINITION 1.1. Let g be a Lie superalgebra and let B be a bilinear
form on g.
Ž . Ž . Ž . x y Ž .i B is called supersymmetric if B X, Y s y1 B Y, X ;X g
g , ;Y g g .x y
Ž . Žw x . Ž w x.ii B is called g-in¤ariant if B X, Y , Z s B X, Y, Z , ; X, Y, Z
g g.
Ž . Ž .iii B is called consistent if B X, Y s 0 ; X g g , ; Y g g .0 1
Ž .iv Let D be a homogeneous superderivation of g of degree d. D is
Ž Ž . . Ž .d x Ž Ž ..called superantisymmetric if B D X , Y s y y1 B X, D Y , ; X g
g , ; Y g g.x
Ž . Ž .We denote by Der g the vector subspace of Der g spanned by alla
superantisymmetric superderivations of g.
Ž .DEFINITIONS 1.2. i Let g be a Lie superalgebra with bilinear form B.
Ž .g , B is called quadratic if B is supersymmetric, consistent, non-degener-
ate, and g-invariant. In this case, B is called an in¤ariant scalar product
on g.
Ž . Ž .ii Let g , B be a quadratic Lie superalgebra. A graded ideal I of
Ž .g is called non-degenerate resp. degenerate if the restriction of B to
Ž .J = J is a non-degenerate resp. degenerate bilinear form.
Ž . Ž .iii We say that a quadratic Lie superalgebra g , B is B-irreducible
if g contains no non-trivial non-degenerate graded ideals.
Ž .DEFINITION 1.3. i A simple Lie superalgebra g s g [ g is called0 1
classical if the g -module g is semisimple.0 1
QUADRATIC LIE SUPERALGEBRAS 347
Ž .2 A quadratic simple classical Lie superalgebra is called basic
classical Lie superalgebra.
The following proposition reduces the study of quadratic Lie superalge-
bras to those having no non-trivial non-degenerate graded ideal.
Ž .PROPOSITION 1.1. Let g , B be a quadratic Lie superalgebra. Then,
g s [n g , whereiis1
Ž .  4i g is a non-degenerate graded ideal, for all i g 1, . . . , n .i
Ž . Ž .  4ii g , B s B is B -irreducible, for all i g 1, . . . , n .i i < ig =gi i
Ž . Ž .  4 Ž .iii B g , g s 0 i.e., g and g are B-orthogonal , for all i, j gi j i j
 41, . . . , n such that i / j.
In the following theorem we recall the notion of double extension of
quadratic Lie superalgebras.
w x Ž .THEOREM 1.1 2 . Let g , B be a quadratic Lie superalgebra, let g be1 1 2
Ž . Ž .a Lie superalgebra, and c : g “ Der g ; Der g be a morphism of Lie2 a 1 1
superalgebras.
Let w be the map from g = g to gU , defined by1 1 2
Ž .xqy z
w X , Y Z s y1 B c Z X , YŽ . Ž . Ž . Ž . Ž .Ž .1
;X g g , ;Y g g , ;Z g g .Ž . Ž . Ž .y1 1 2x z
Let p be the coadjoint representation of g . Then the ¤ector space g s g [2 2
g [ gU with the product1 2
w xX q X q f , Y q Y q g2 1 2 1
x yw x w xs X , Y q X , Y q c X Y y y1 c Y XŽ . Ž . Ž . Ž . Ž .g g2 2 1 1 2 1 2 12 1
x yq p X g y y1 p Y f q w X , Y ,Ž . Ž . Ž . Ž . Ž . Ž .2 2 1 1
Ž . Ž .where X q X q f resp. Y q Y q g is homogeneous of degree x resp. y2 1 2 1
in g , is a Lie superalgebra.
Moreo¤er, if g is an in¤ariant supersymmetric bilinear form on g , then the2
bilinear form T defined on g by
T X q X q f , Y q Y q gŽ .2 1 2 1
x ys B X , Y q g X , Y q f Y q y1 g XŽ . Ž . Ž . Ž . Ž .1 1 1 2 2 2 2
where X q X q f and Y q Y q g are homogeneous of degrees x and y,2 1 2 1
respecti¤ely, is an in¤ariant scalar product on g.
SAID BENAYADIÈ348
Ž .The Lie superalgebra g is called a double extension of g , B by g by1 1 2
means of c .
The following theorem gives a sufficient condition for a B-irreducible
Ž .quadratic Lie superalgebra g , B to be a double extension.
w x Ž .THEOREM 1.2 2 . Let g , B be a B-irreducible quadratic Lie superalge-
bra. If J is a maximal graded ideal of g such that
g s J [ V ,
where V is a Lie sub-superalgebra of g , then g is a double extension of
H Ä Ä HŽ .JrJ , B by V, where B is the in¤ariant scalar product on JrJ induced
by B.
w xNow, we recall some extensions of Lie superalgebras introduced in 4 to
study the Lie superalgebras g s g [ g with g reductive and com-0 1 0
pletely reducible action of g on g .0 1
DEFINITION 1.4. Let g s g [ g be a Lie superalgebra, let A be a0 1
vector space, and let m be a bilinear symmetric map from g = g to A1 1
satisfying
w x w xm z , x , y q m x , z , y s 0, ;z g g , ; x , y g g .Ž . Ž . 0 1
On the Z -graded vector space L s L [ L , where L s g [ A and2 0 1 0 0
L s g , we define the Lie superalgebra structure by1 1
w x  4L , A s 0 ;
w x w xu , ¤ s u , ¤ ,g
w xwhere , is the multiplication on g , for any U g g , ¤ g g such thatg a b
a s 0 or b s 0;
w x w xu , ¤ s u , ¤ q m u , ¤ , for any u , ¤ g g .Ž .g 1
Ž w x.The Lie superalgebra L , , will be called an elementary even extension
Ž .of g by A, m .
w xPROPOSITION 1.2 4 . Let g s g [ g be a Lie superalgebra with g s0 1 0
w x Ž .A [ g , g direct sum of ideals and let A s A [ A be another Lie1 1 0 1
w x  4superalgebra with abelian A , A , A s 0 and completely reducible action0 1 1
l U lŽ . of A on A , so that A s [ A , L ; A , and A s u g A :0 1 1 0 1lg L
lw x Ž . 4x, u s l x u ; x g A . Let each A be equipped with an A-module0
structure, so that on the Z -graded ¤ector space L s L [ L , where L s2 0 1 0
A [ g and L s A [ g , we define the Lie superalgebra structure by0 0 1 1 1
w x w x  4g , A s A , g s g , g , A s 0 .1 0 0 1 1
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w x lThe product a, u for a g A and u g A is gi¤en by the corresponding
A-module structure in U l.
w x w x w xu, ¤ s u, ¤ , where , is the multiplication on A , for any u, ¤ gA A
A.
Ž w x.The Lie superalgebra L , , will be called a nice extension of g by A.
g is a Lie sub-superalgebra of L and A is a graded ideal of L.
w xThe following theorem is the main result of 4 .
w xTHEOREM 1.3 4 . Let L s L [ L be a Lie superalgebra with L0 1 0
reducti¤e and completely reducible action of L in L . Then, L is an0 1
elementary e¤en extension of a nice extension of a semisimple Lie superalgebra
g s g [ g with completely reducible action of g on g .0 1 0 1
2. CLASSIFICATION OF QUADRATIC LIE
SUPERALGEBRAS g s g [ g WITH g REDUCTIVE0 1 0
AND COMPLETELY REDUCIBLE ACTION OF g ON g0 1
In this section, we give an inductive classification of quadratic Lie
superalgebras g s g [ g such that g is a reductive Lie algebra and the0 1 0
g -module g is semisimple.0 1
First, we give some examples of the elements of the class Q of
quadratic Lie superalgebras g s g [ g such that g is a reductive Lie0 1 0
algebra and the g -module g is semisimple:0 1
Ž . w x1 First example 8, 9 : The classical simple Lie superalgebras
Ž . Ž . Ž . Ž . Ž . Ž . Ž .A m, n , B m, n , D m, n , C n , D 2, 1, a , F 4 , G 3 are elements
of Q.
Ž .2 Second example: Let M s M be the two-dimensional abelian1
 4  4Lie superalgebra with M s 0 . Let e , e be a basis of M and let B:0 1 2
Ž . Ž .M = M “ K be the bilinear form on M defined by B e , e s B e , e1 1 2 2
Ž . Ž .s 0 and B e , e s yB e , e s 1. It is easy to see that B is a scalar1 2 2 1
product on M , and if g is another scalar product on M , then there exists
Ž .k g K such that g s kB. Then M , B is an element of Q.
On K we consider the abelian Lie algebra structure. Let c : K “
Ž . Ž .Der M ; Der M be the morphism of Lie superalgebras defined bya
Ž Ž ..Ž . Ž Ž ..Ž .c 1 e s e and c 1 e s ye . It is clear that the double extension1 1 2 2
of K by M by means c is a solvable non-abelian element of Q , and if T
is an invariant scalar product of this double extension, then this quadratic
Lie superalgebra is T-irreducible.
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Ž .3 Third example: We denote by g s g [ g the complex simple0 1
Ž . Ž w x.Lie superalgebra s l 2, 1 see 8, 9 . Note that the Killing form K of g is
Ž .non-degenerate, so g , K is a quadratic Lie superalgebra. g is isomor-0
Ž . Ž .phic to g l 2 , so we write g s s [ C Id, where s , s l 2 , and g re-0 1
duces, under the adjoint representation of g , into g s g [ g , g ,0 1 y1 1 j
1 1Ž . Ž .D under ads , where D is the two-dimensional irreducible represen-2 2
Ž . Ž . Ž .tation of s l 2 , and adId s yjId for j s y1, 1. Moreover, K g , g< < 1 1g gj j
Ž .  4s K g , g s 0 . We denote by L s Ce the one-dimensional Liey1 y1
Ž . Ž .algebra, and let c : L “ Der g ; Der g be the morphism of Lie super-a
Ž Ž .. Ž Ž .. Ž Ž ..algebras defined by c e s 0, c e s Id , and c e s< < < <g g g g0 y1 y1 1
y1 Id . It is easy to see that the double extension E s L [ LU [ g of L< g1
Uby g by means of c verifies E s g [ L [ L is a reductive Lie0 0
UŽ .algebra, E s g is a semisimple E -module and z E s L .1 1 0
Ž .CLAIM. If T is an in¤ariant scalar product of E , then E , T is a
non-simple T-irreducible quadratic Lie superalgebra.
Proof of claim. Let I be a non-degenerate graded ideal of E; then
H HŽ .E s I [ I . Consequently, s ; I or s ; I . The fact that g ,0 0 1
1 1Ž . Ž .  w x  44  4D [ D implies that x g g : s , x s 0 s 0 . Thus if s ; I ,1 02 2
H HŽ .then I s E . It follows that I s I . The fact that s is also the1 1 0
HLevi's component of E implies that I is a solvable Lie algebra. Since0
I H is non-degenerate and dim I HF 3, then I H is abelian. By invariance
Žw Hx .  4 w Hx  4of T , we have T I , I , E s 0 , then I , I s 0 . Consequently,
H Ž . H  4 H Ž . Ž .I ; z E , and it follows that I s 0 or I s z E . Because z E is a
degenerate graded ideal of E and I H is a non-degenerate graded ideal of
H  4E , then I s 0 , so I s E.
H HŽ .If s ; I , using the same arguments, we obtain I s E and0
 4I s 0 . We conclude that g is T-irreducible.
Ž .LEMMA 2.1. Let g s g [ g , B be a quadratic Lie superalgebra such0 1
n 4that the g -module g is semisimple. If g / 0 , then g s [ U such0 1 1 1 iis1
that
Ž .i U is a g -sub-module of g such that B is nondegeneratei 0 1 <ŽU =U .i i
 4for all i g 1, . . . , n .
Ž .ii U is irreducible or U s U [ U , where U and U are irre-i i i1 i2 i1 i2
Ž . Ž .  4ducible g -sub-modules of g such that B U , U s B U , U s 0 , for0 1 i1 i1 i2 i2
 4all i g 1, . . . , n .
Ž . Ž .  4  4iii B U , U s 0 , for all i, j g 1, . . . , n such that i / j.i j
Ž .Proof. Let g s g [ g , B be a quadratic Lie superalgebra such that0 1
the g -module g is semisimple. We proceed by induction on the dimen-0 1
sion of g . Since B is antisymmetric and nondegenerate, then the1 <Žg =g .1 1
dimension of g is e¤en.1
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 4 Ž . Ž .If dim g s 2 and if e , e is a basis of g , then B e , e s B e , e1 1 2 1 1 1 2 2
Ž .s 0 and B e , e / 0; consequently the proposition is true.1 2
Suppose now that if dim g - n, then the proposition is true. Assume1
that dim g s n. If g is an irreducible g -module, then the lemma holds.1 1 0
If g is not an irreducible g -module, then two cases arise:1 0
First Case. g contains an irreducible g -sub-module A such that1 0
HB is non-degenerate. Consequently, we have g s A [ A , where<ŽA=A . 1
H H Ž .  44A s x g g : B x, A s 0 . The invariance of B implies that A is a1
H Hg -sub-module of g , and it is easy to see that B is non-degener-0 1 <ŽA =A .
HŽ . Ž .ate. It follows that L s g [ A , B and h s g [ A , B are0 <ŽL=L . 0 <Žh=h .
Hthe quadratic Lie superalgebras such that the g -modules A and A are0
Hsemisimple with dim L s dim A - n and dim h s dim A - n. Now we1 1
Ž .apply the hypothesis of induction to L and h , so g , B verifies the lemma.
Second Case. For any irreducible g -sub-module A , we have that the0
bilinear form B is degenerate.<ŽA=A .
nSince g is a semisimple g -module, then g s [ V , where each V1 0 1 i iis1
 4is an irreducible sub-g -module of g . Let i g 1, . . . , n ; the assumption0 1
H  4of the second case implies that B is degenerate, so V l V / 0 .<ŽV =V . i ii i
H HBecause V l V is a g -sub-module of V , then V l V s V . Conse-i i 0 i i i i
Ž .  4 Ž .quently, B V , V s 0 . Since B is non-degenerate and B V , V si i <Žg =g . 1 11 1
 4  4 Ž .  40 , then there exists j g 2, . . . , n such that B V , V / 0 . The invari-1 j
ance of B and the fact that V and V are irreducible g -sub-modules of1 j 0
Ž . Ž . Ž .  4g imply that for all x resp. y in V resp. V we have B x, V / 01 1 j j
Ž Ž .  4.resp. B y, V / 0 . We conclude that W s V [ V is a g -sub-module1 1 j 0
Ž . Ž .  4of g such that B V , V s B V , V s 0 and B is non-degener-1 1 1 j j <ŽW=W .
H H  Ž .  44ate. Hence, g s W [ W , where W s x g g : B x, W s 0 which1 1
H His a g -sub-module of g such that B is non-degenerate. We0 1 <ŽW =W .
Žapply the hypothesis of induction to the quadratic Lie superalgebra T s
H .g [ W , B , and it follows that the quadratic Lie superalgebra0 <ŽT=T .
Ž .g , B verifies the lemma.
Ž .LEMMA 2.2. Let g s g [ g , B be a B-irreducible quadratic Lie su-0 1
 4peralgebra such that the g -module g is semisimple and g / 0 . Then0 1 0
w x Ž . Ž .g , g s g and z g s z g l g .0 1 1 0
g 0 w xProof. Since the g -module g is semisimple, the g s g [ g , g ,0 1 1 1 0 1
g 0  w x  44 w xwhere g s x g g : g , x s 0 . It is clear that I s g [ g , g is a1 1 0 0 0 1
g 0Žw x .  4graded ideal of g. Since B is invariant, then B g , g , g s 0 , and it0 1 1
follows that I is a non-degenerate graded ideal of g. Because g is
g 0w x  4 Ž .B-irreducible, g s I , so g , g s g and g s 0 . The fact that z g0 1 1 1
g 0 Ž .  4l g is contained in g implies that z g l g s 0 ; consequently,1 11
Ž . Ž .z g s z g l g .0
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Now, we describe a particular double extension of a quadratic Lie
Ž .superalgebra g , B such that the g -module g is semisimple by the0 1
one-dimensional Lie algebra L s K e.
n 4  4If g s 0 , we take c ’ 0. If g / 0 , by Lemma 2.1, g s [ U1 1 1 iis1
such that
Ž .i U is a g -sub-module of g such that B is nondegeneratei 0 1 <ŽU =U .i i
 4for all i g 1, . . . , n .
Ž .ii There exists m F n such that U is an irreducible g -sub-modulei 0
 4of g for all i g 1, . . . , m and U s U [ U , where U and U are1 i i1 i2 i1 i2
Ž . Ž .  4irreducible g -sub-modules of g such that B U , U s B U , U s 0 ,0 1 i1 i1 i2 i2
 4for all i g m q 1, . . . , n .
Ž . Ž .  4  4iii B U , U s 0 , for all i, j g 1, . . . , n such that i / j.i j
We seek a homogeneous superderivation D of degree 0 of g such that
Ž . Ž . Ž . Ž Ž ..1 B Dx, y s yB x, Dy ; x, y g g i.e., D g Der g .a
Ž .  42 D s 0, D s k Id ; i g 1, . . . , m , D s k Id , and< g <U i U <U i1 U0 i i i1 i1
 4D s k Id ; i g m q 1, . . . , n , where k , k , k are elements of K.<U i2 U i i1 i2i2 i2
 4Suppose that D exists. Let i g 1, . . . , m , since B is non-degener-<U =Ui i
Ž .ate; then there exist x and y in U such that B x, y / 0. The assertion 1i
Ž . Ž . Ž .above implies that B k x, y s yB x, k y , so 2k B x, y s 0; conse-i i i
quently, k s 0.i
 4Let i g m q 1, . . . , n ; because of the non-degeneracy of B and<U =Ui i
Ž . Ž .  4B U , U s B U , U s 0 , there exist an element x of U and ani1 i1 i2 i2 i1
Ž . Ž .element y of U such that B x, y / 0. From the equality B Dx, y si2
Ž . Ž . Ž .yB x, Dy , we get k q k B x, y s 0; it follows that k s yk .i1 i2 i1 i2
Now, let D : g “ g be the linear map defined by
mŽ . Ž . Ž .  4i D g s D [ U s 0 .0 iis1
Ž .ii D s k Id and D s yk Id , where k g K, for all i g<U i U <U i U ii1 i1 i2 i2
 4m q 1, . . . , n .
It is easy to see that D is a homogeneous superantisymmetric su-
perderivation of degree 0 of g.
Ž . Ž . Ž .Consider the linear map c : L “ Der g ; Der g defined by c ke sa
Žw x w xkD for all k g K. Since c ke, le s kD, lD s 0 for all k, l g K, c is a
morphism of Lie superalgebras. We denote by E the double extension of
Ž .g , B by L s K e by means of c .
Ž .DEFINITION 2.1. E is called an elementary double extension of g , B by
the one-dimensional Lie algebra.
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URemark 2.1. E s E [ E , where E s g [ L [ L and E s g .0 1 0 0 1 1
Ž . w x Ž .By Theorem 1.1, L ; z E and for all X g g : e, X s D X , which1 E
implies that the E -module E s g is semisimple.0 1 1
Because an ideal of a reductive Lie algebra is also reductive and a
sub-module of a semisimple module is also semisimple, we obtain the
following consequence of Proposition 1.1:
Ž .PROPOSITION 2.1. Let g , B be a quadratic Lie superalgebra such that
g is a reducti¤e Lie algebra and the g -module g is semisimple. Then,0 0 1
g s [n g such thatiis1
Ž .  4i g is a non-degenerate graded ideal, for all i g 1, . . . , n .i
Ž . Ž .  4ii g , B s B is B -irreducible, for all i g 1, . . . , n .i i <Žg =g . ii i
Ž . Ž .  4 Ž .iii B g , g s 0 i.e., g and g are B-orthogonal , for all i, j gi j i j
 41, . . . , n such that i / j.
Ž .iv g is a reducti¤e Lie algebra and the g -module g is semisimplei i i0 0 1
 4for all i g 1, . . . , n .
Remark 2.2. This proposition reduces the study of quadratic Lie super-
Ž .algebras g , B such that g is a reductive Lie algebra and g -module g0 0 1
is semisimple to the B-irreducible ones.
Ž .LEMMA 2.3. Let g , B be a quadratic Lie superalgebra.
Ž . Hi If I is a graded ideal of g , then I is a graded ideal of g.
Ž . w xH Ž .ii g , g s z g .
Ž .iii If h is a semisimple graded ideal of g , then h is non-degenerate
w xand h , h s h.
Ž . HProof. i Let x g I , y g g , and z g I. By invariance of B, we have
Žw x . Ž w x. w x H HB x, y , z s B x, y, z s 0, and so x, y g I . It follows that I is
an ideal of g. Since I is graded and B is consistent, then I H is graded.
Ž . Ž Ž . w x. Žw Ž .ii The invariance of B implies that B z g , g , g s B z g ,
x .  4 Ž . w xHg , g s 0 ; then z g is a subset of g , g .
w xH Žw x . Ž w x.Let x g g , g , and let y, z g g; then B x, y , z s B x, y, z s 0.
w x Ž .Consequently, x, y s 0 for all y g g , so x g z g . We conclude that
w xH Ž .g , g s z g .
Ž . Žw H Hx . Ž H w H x.  4iii B h l h , h l h , g s B h l h , h l h , g s 0 ,
w H Hx  4 H  4 Žthen h l h , h l h s 0 . Therefore h l h s 0 because h is
. Ž .semisimple ; thus h is a non-degenerate graded ideal of g. Since z h s
 4 Ž . w xH  4 w x0 , then, by ii , h , h lh s 0 . It follows that dim h s dim h , h , so
w xh , h s h.
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Ž .THEOREM 2.1. Let g , B be a B-irreducible quadratic Lie superalgebra
such that g is a reducti¤e Lie algebra and the g -module g is semisimple.0 0 1
Ž .  4Then, g is simple if and only if z g s 0 .
Ž . Ž .  4Proof. i If g is simple, then z g s 0 . Conversely, suppose that
Ž .  4  4z g s 0 . If g s 0 , the g is a semisimple Lie algebra. Since every ideal1
of g is semisimple, then by Lemma 2.3, g is simple because g is
B-irreducible.
 4 w x w xAssume that g / 0 . First, we show that g s g , g . Since g , g is1 0 1 1 1 1
w x w xan ideal of g , then g , g is reductive and it follows that g , g s S [0 1 1 1 1
Žw x. w xz g , g , where S is the greatest semisimple ideal of g , g . The1 1 1 1
w xequality S , S s S implies that S is an ideal of g , and by Lemma 2.3,0
S is a non-degenerate ideal of g .0
Žw x. Ž Žw x.  4Let x g z g , g such that B x, z g , g s 0 . By invariance of B,1 1 1 1
Ž .  4 w x Ž w x.  4B x, S s 0 because S , S s S; consequently, B x, g , g s 0 .1 1
Žw x .  4 w x  4 Žw x.Thus B x, g , g s 0 , so x, g s 0 . The inclusion z g , g ;1 1 1 1 1
Ž . Ž .  4 Žw x.z g implies that x g z g s 0 . We conclude that z g , g is a0 1 1
w xnon-degenerate ideal of g . It follows that g , g is a non-degenerate0 1 1
Žw x.ideal of g because S and z g , g are non-degenerate ideals of0 1 1
Ž Žw x..  4 w x Žw x. w xg , B S , z g , g s 0 , and g , g s S [ z g , g . Since g , g0 1 1 1 1 1 1 1 1
w xis a non-degenerate ideal of g , we obtain that I s g , g [ g is a0 1 1 1
Ž . Ž .non-degenerate ideal of g , B ; consequently, g s I because g , B is
 4 w xB-irreducible and I / 0 . We conclude that g s g , g .0 1 1
By Theorem 1.3, g is an elementary even extension of a nice extension
of semisimple Lie superalgebra h s h [ h such that the h -module h0 1 0 1
Ž .  4is semisimple. Since z g s 0 , then g is a nice extension of h. The fact
w xthat g , g s g implies that g s h [ A , where A is a Lie superalgebra1 1 0
which is a graded ideal of g , and h is a semisimple Lie sub-superalgebra
w x  4of g such that the h -module h is semisimple and h , A s 0 , so h is a0 1
graded ideal of g. Since h is semisimple, then by Lemma 2.3, h is
w xnon-degenerate and h , h s h. The invariance of B implies that A is a
w x  4 w xnon-degenerate graded ideal of g because h , A s 0 and h , h s h.
The fact that g is B-irreducible implies that g s h or g s A. If g s A ,
w x w x  4 Ž .recall that A , A s A , A s 0 see Proposition 1.2 . Since0 0 1 1
Žw x . Ž w x.  4 w x  4B A , A , A s B A , A , A s 0 , it follows that A , A s 0 , so0 1 1 0 1 1 0 1
Ž .  4  4A ; z g s 0 , which contradicts the fact that g / 0 . We conclude1 1
w x  4that g s h; then g is semisimple Lie superalgebra and g , g / 0 . If we
suppose that g is not simple; then there exists a graded ideal I of g such
 4that I / 0 and I / g. The fact that g is B-irreducible implies that I is
H  4 Žw Ha degenerate ideal of g and that I l I / 0 . We have B I l I , I
Hx . Ž H w Hx.  4 Hl I , g s B I l I , g , I l I s 0 because I is a graded
ideal of g. Consequently, the non-degeneration of B shows that I l I H
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is an abelian graded ideal of g , which is a contradiction of the semisimplic-
ity of g. We conclude that g is simple.
Ž .COROLLARY 2.1. Let g s g [ g , B be a B-irreducible quadratic Lie0 1
superalgebra such that g is a reducti¤e Lie algebra, the g -module g is0 0 1
 4  4semisimple, g / 0 , and g / 0 .0 1
Ž . Ž .i g is simple if and only if dim z g F 1.0
Ž .ii If g is an irreducible g -module, then g is a semisimple Lie1 0 0
algebra and g is a simple Lie superalgebra.
Ž . w xProof. i If g is simple, then by the corollary of 12, p. 107, Theorem 1
Ž .we have dim z g F 1.0
Ž .Conversely, suppose that dim z g F 1, and let us show that g is0
simple.
Ž . Ž .If dim z g s 0 i.e., g is a semisimple Lie algebra , then by Lemma0 0
Ž .  42.2, z g s 0 . By Theorem 2.1, it follows that g is simple.
Ž .Now we consider the case where dim z g s 1. If we suppose that0
Ž .  4 Ž .  4z g / 0 , then Lemma 2.2 implies that z g l g / 0 . Consequently,0
Ž . Ž . Ž .z g l g s z g , so z g is a graded ideal of g. Since B is0 0 0 < zŽg .=zŽg .0 0
Ž .non-degenerate and g is B-irreducible, then g s z g , which contradicts0
 4 Ž .  4the fact that g / 0 . We conclude that z g s 0 ; then, by Theorem 2.1,1
g is simple.
Ž . wii Suppose that g is an irreducible g -module. By 12, p. 46,1 0
x Ž . Ž .Proposition 2 Schur's lemma in the graded situation , for all x g z g 0
Ž . Ž . Ž .  4there exists k x g K such that ad x s k x Id . Since g / 0 andg < g g 11 1
Ž .B is non-degenerate, there exist a, b g g such that B a, b / 0.< g =g 11 1
Ž . Žw x .Let x g z g ; the invariance of B implies that B x, a , b s0
Ž w x. Ž . Ž . Ž .yB a, x, b . It follows that 2k x B a, b s 0 and k x s 0. Conse-
w x  4 Ž . Ž . Ž .quently, x, g s 0 for all x g z g , which implies that z g ; z g .1 0 0
Ž . Ž .Thus z g is a non-degenerate graded ideal of g; it follows that z g s0 0
 4  4 Ž .0 because g is B-irreducible and g / 0 . By assertion i of this1
corollary, we conclude that g is a simple Lie superalgebra.
w xFrom Proposition 1.1 of 9 and from Corollary 2.1, we deduce the
following:
Ž .COROLLARY 2.2. Let g s g [ g , B be a B-irreducible quadratic Lie0 1
superalgebra such that g is a reducti¤e Lie algebra, the g -module g is0 0 1
 4  4semisimple, g / 0 , and g / 0 .0 1
Ž . Ž .i dim z g F 1 if and only if g is one of the following simple Lie0
Ž . Ž . Ž . Ž . Ž . Ž . Ž .superalgebras: A m, n , B m, n , D m, n , C n , D 2, 1, a , F 4 , G 3 .
Ž .ii g is an irreducible g -module if and only if g is one of the1 0
Ž . Ž . Ž . Ž . Ž .following simple Lie superalgebras: B m, n , D m, n , D 2, 1, a , F 4 , G 3 .
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Ž .COROLLARY 2.3. Let g , B be a quadratic Lie superalgebra, where g is0
a semisimple Lie algebra. Then g s [n g , where each g is a non-degener-i iis1
ate graded ideal of g such that either g is the two-dimensional Lie superalge-i
bra M s M or g is a simple Lie algebra, or g is one of the following1 i i
Ž . Ž . Ž . Ž . Ž .simple Lie superalgebras: B m, n , D m, n , D 2, 1, a , F 4 , G 3 . And
Ž .  4  4B g , g s 0 for all i, j g 1, . . . , n such that i / j.i j
Proof. We have g s [n g , where g , 1 F i F n, are non-degeneratei iis1
Ž . Ž .graded ideals of g satisfying assertions ii and iii of Proposition 1.1.
ŽMoreover, g is a semisimple Lie algebra because g is a semisimple Liei0 0
.  4algebra and the g -module g is semisimple for all i g 1, . . . , n .i i0 1
 4 Ž .  4Let i g 1, . . . , n . If g s 0 , then g is the two-dimensional Liei 0 i
Ž .  4superalgebra M s M . If g s 0 , then g is a simple Lie algebra. If1 i 1 i
Ž .  4 Ž .  4 Ž .g / 0 and g / 0 , then by assertion i of Corollary 2.1, g is thei 0 i 1 i
Ž .basic classical Lie superalgebra. Next, by assertion ii of Corollary 2.2 and
w xby Proposition 1.1 of 9 , g is one of the following simple Lie superalge-i
Ž . Ž . Ž . Ž . Ž .  4bras: B m, n , D m,n , D 2, 1, a , F 4 , G 3 , for all i g 1, . . . , n .
Ž .THEOREM 2.2. Let g s g [ g , B be a B-irreducible quadratic Lie0 1
superalgebra such that g is a reducti¤e Lie algebra and the g -module g is0 0 1
semisimple.
Ž .  4If z g / 0 , then either g is the one-dimensional Lie algebra or g is the
two-dimensional Lie superalgebra M s M or g is an elementary double1
Ž .extension of a quadratic Lie superalgebra h , T by the one-dimensional Lie
Ž .algebra such that dim h s dim g y 2, h is a reducti¤e Lie algebra, and the0
h -module h is semisimple.0 1
Proof. Suppose that g is neither the one-dimensional Lie algebra nor
 4the two-dimensional Lie superalgebra M s M . Consequently, g / 01 0
 4 Ž .  4 Ž .and g / 0 . Since z g / 0 , then by Lemma 2.2 we have z g l g /1 0
 4 Ž .0 . Let X be an element of z g l g such that X / 0; then the vector0
sub-space I s K X of g generated by X is a minimal graded ideal of g
H  4and I is degenerate because dim g / 1. Therefore, I l I / 0 , and it
follows that I l I Hs I. Thus, I ; I H , and from the equalities
Žw Hx . Ž w H x.  4 Ž H.B I , I , g s B I , I , g s 0 we get, moreover, that I ; z I .
The fact that I is a minimal graded ideal of g implies that I H is a
maximal graded ideal of g. Since g is a reductive Lie algebra, then0
Ž .g s S [ z g , where S is the greatest semisimple ideal of g . The0 0 0
w x Ž .  4invariance of B and the fact that S , S s S imply that B S , X s 0 ;
H H Ž .  4consequently, S ; I . We also have g ; I because B g , g s 0 ;1 0 1
HŽ .consequently, there exists an element Y of z g such that g s I [KY.0
Since Y g g , we have that V s KY is a Lie sub-superalgebra of g , and it0
follows by Theorem 1.2 that g is a double extension of the quadratic Lie
H ÄŽ .superalgebra I rI , B by a Lie algebra V by means of the Lie superal-
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Ž H . Ž H .gebra morphism c : V s KY “ Der I rI ; Der I rI defined bya
Ž .Ž Ž .. Žw x. Hc Y N i s N Y, i , ; i g I , where N is the canonical projection of
H H Ä ÄŽ Ž . Ž .. Ž .I on I rI. Recall that B is defined by B N x , N y s B x, y ,
; x, y g I H .
 4 Ž .If we suppose that g s 0 , then g s z g is a Lie algebra because the1
Ž .greatest semisimple ideal of g is non-degenerate, z g is a non-degenerate
Ž .  4ideal of g , and z g / 0 . Then we get a contradiction of the fact that g
n 4is B-irreducible and dim g / 1. Thus g / 0 ; then g s [ U , where1 1 iis1
Ž . Ž .U , 1 F i F n, are g -sub-modules of g satisfying assertions i , ii , andi 0 1
Ž .iii of Lemma 2.1.
HLet us set h s I rI. Then the greatest semisimple ideal of g is the0
HŽ ŽŽ . . .greatest ideal of h ; more precisely, h s S [ z I rI . The h -0 0 0 0
w xmodule h is semisimple since h s g , and by 12, p. 46, Proposition 21 1 1
Ž . Ž .Schur's lemma in the graded situation we have for all x g z g 0
Ž . Ž . Ž .a There exists k x g K such that ad x s k x Id , for alli g <U i Ui i
 4i g 1, . . . , m .
Ž . Ž . Ž .b There exists k x and k x elements of K such that ad xi1 i2 g <Ui1
Ž . Ž .  4s k x Id and ad x s k x Id , for all i g m q 1, . . . , n .i1 U g <U i2 Ui1 i2 i2
Ž .Since Y g z g , then, by above-mentioned assertions, the double exten-0
ÄŽ .sion of h , B by V s KY by means of c is elementary and dim h s
Ž .dim g y 2.
We conclude that g is an elementary double extension of a quadratic
Ž .Lie superalgebra h such that dim h s dim g y 2, h is a reductive Lie0
algebra, and the h -module h is semisimple by the one-dimensional Lie0 1
algebra.
Ž . Ž .DEFINITION 2.2. Let g , B , h , T be two quadratic Lie superalgebras.
The quadratic Lie superalgebra g [ h with the invariant scalar product g
defined by
g s B , g s T , g s 0, g s 0<Žg=g . <Žh=h . <Žg=h . <Žh=g .
Ž . Ž .is called the orthogonal direct sum of g , B and h , T .
 4Let A be the set constituted by 0 , the basic classical Lie superalgebras,
the one-dimensional Lie algebra, and the two-dimensional Lie superalge-
bra M s M .1
Now, we arrive at the main result of this section:
Ž .THEOREM 2.3. Let g s g [ g , B be a quadratic Lie superalgebra0 1
such that g is a reducti¤e Lie algebra and the g -module g is semisimple.0 0 1
Then, either g is an element of A or g is obtained by a sequence of
elementary double extensions by the one-dimensional Lie algebra andror
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orthogonal direct sums of quadratic Lie superalgebras from a finite number of
elements of A.
Proof. In this proof, we shall often use that dim g is even because1
B is antisymmetric and non-degenerate.< g =g1 1
We prove this theorem by induction on the dimension of g.
If dim g s 0, then g g A. If dim g s 1, then g s g is the one-dimen-0
sional Lie algebra because dim g is even and thus g g A.1
If dim g s 2, then g s g or g s g . If g s g , then g s M , so0 1 1
g g A. If g s g , the fact that K is algebraically closed implies that there0
 4 Ž . Ž .exists e , e a basis of g such that B e , e / 0, B e , e / 0, and1 2 1 1 2 2
Ž .B e , e s 0; then g is an orthogonal direct sum of two copies of the1 2
one-dimensional Lie algebra.
Now, if we assume that the theorem is true if dim g - n, and we shall
show it when dim g s n.
Ž .  4First Case. Suppose that g is B-irreducible. If z g s 0 , then, by
Ž .  4Theorem 2.1, g is simple and it follows that g g A. If z g / 0 , then, by
Theorem 2.2, g is an elementary double extension of a quadratic Lie
Ž . Ž .superalgebra h , T such that dim h s dim g y 2, h is a reductive Lie0
algebra, and the h -module h is semisimple by the one-dimensional Lie0 1
algebra.
Ž .We apply the induction hypothesis to h , T , and we obtain the theorem
for g.
Ž . m ŽSecond Case. g , B is not B-irreducible. Then, g s [ g withiis1
.m G 2 , where g , 1 F i F m, are non-degenerate graded ideals of gi
Ž . Ž . Ž .satisfying assertions ii , iii , and iv of Proposition 2.1.
By the induction hypothesis, the theorem is true for each g wherei
 4 Ž .i g 1, . . . , m ; consequently, g , B satisfies the theorem.
Remark 2.3. The converse of Theorem 2.3 is clear: if g is obtained by a
sequence of elementary double extensions by the one-dimensional Lie
algebra andror orthogonal direct sums of quadratic Lie superalgebras
from a finite number of elements of A , then g is a quadratic Lie
superalgebra such that g is a reductive Lie algebra and the g -module g0 0 1
is semisimple.
3. QUADRATIC LIE SUPERALGEBRAS g s g [ g SUCH0 1
THAT THE ACTION OF g ON g IS0 1
COMPLETELY REDUCIBLE
If g is not assumed to be reductive, then Theorem 2.1 is not true.0
Ž .Indeed, let us consider the two-dimensional simple s l 2 -module A s
QUADRATIC LIE SUPERALGEBRAS 359
1Ž . Ž .D and denote by p the representation of s l 2 on A associated to this2
 4 Ž .module. Recall that there exists a basis Y, F, G of s l 2 such that
w x w x w x  4F, G s 2Y, Y, F s F, Y, G s yG, and there exists e , e a basis of1 2
1 1A such that F ? e s e , F ? e s 0, Y ? e s y e , Y ? e s e , G ? e s 0,1 2 2 1 1 2 2 12 2
G ? e s e .2 1
On A we consider the structure of an abelian Lie superalgebra such
 4that A s A and A s 0 . Let B: A = A “ K be the bilinear form on A1 0
Ž . Ž . Ž . Ž .defined by B e , e s B e , e s 0 and B e , e s yB e , e s 1; then1 1 2 2 1 2 2 1
Ž .A , B is a quadratic Lie superalgebra.
Ž Ž .. Ž .It is easy to see that p s l 2 is contained in Der A , and the doublea
Ž . Ž .U Ž .extension g s s l 2 [ s l 2 [ A of A by s l 2 by means of p is a
Ž Ž .quadratic Lie superalgebra such that g s A is an irreducible g s s l 21 0
Ž .U . Ž .  4 Ž .U[ s l 2 -module, z g s 0 , and g is not simple since s l 2 is an ideal
of g. Moreover, g is a T-irreducible quadratic superalgebra, where T is
defined as in Theorem 1.1.
In the following proposition, we give some characterizations of quadratic
classical simple Lie superalgebras among the B-irreducible quadratic Lie
Ž .superalgebras g , B such that the g -module g is semisimple.0 1
Ž .PROPOSITION 3.1. Let g , B be a B-irreducible quadratic Lie superalge-
 4  4bra such that the g -module g is semisimple, g / 0 and g / 0 . Then,0 1 0 1
the following assertions are equi¤alent:
Ž . w xi g , g s g .1 1 0
Ž .ii The g -module g is faithful.0 1
Ž .iii g is simple.
Ž . Ž . w x  4 w xProof. i « ii . Let x g g such that x, g s 0 . By using g , g0 1 1 1
w x  4 Ž .s g and the Jacobi identity, we get x, g s 0 and x g z g . Thus the0 0
vector subspace I s K x of g generated by x is a graded ideal of g. The
 4fact that g / 0 implies that I / g , and because g is B-irreducible we1
Hobtain that I is degenerate. Since B is consistent, then g ; I , and by1
H HŽ . w xi we have g , g s g ; I . Thus g s I , and it follows that x s 0.1 1 0
We conclude that the g -module g is faithful.0 1
Ž . Ž .ii « iii . First, the fact that the g -module g is semisimple and0 1
faithful implies that g is a reductive Lie algebra. Since the g -module g0 0 1
Ž .  4is faithful, then z g l g s 0 . Consequently, by Lemma 2.2 we have0
Ž .  4z g s 0 , and it follows by Theorem 2.1 that g is simple.
Ž . Ž . w xiii « i . Because g is simple and g , g [ g is a graded ideal1 1 1
w x w xof g , then g s g , g [ g and thus g , g s g .1 1 1 1 1 0
In the case of quadratic Lie superalgebras g s g [ g such that the0 1
action of g in g is completely reducible, the following theorem gives an0 1
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w xaffirmative answer to the open question 2 : can every B-irreducible
non-simple quadratic Lie superalgebra be obtained by double extension?
Ž .THEOREM 3.1. Let g s g [ g , B be a non-zero B-irreducible0 1
quadratic Lie superalgebra such that the g -module g is semisimple. Then,0 1
either g is the one-dimensional Lie algebra or g is simple or g is a double
Ž .extension of a quadratic Lie superalgebra h , T by a semisimple Lie algebra
or by the one-dimensional Lie algebra or g is the two-dimensional Lie
 4superalgebra M s M , which is the double extension of 0 by the one-dimen-1
sional Lie superalgebra N s N .1
 4 w xProof. If g s 0 , then by 10 , g is the one-dimensional Lie algebra, g1
is a simple Lie algebra, or g is a double extension of a quadratic Lie
algebra by the semisimple Lie algebra or by the one-dimensional Lie
 4 Ž .algebra. If g s 0 , then g s g , B is a abelian Lie superalgebra such0 1
that B is antisymmetric. Consequently, there exist two elements x and y
Ž .of g such that x / y and B x, y s 1. Thus the subspace I s K x [ K y
of g generated by x and y is a non-degenerate graded ideal of g; then the
fact that g is B-irreducible implies that g s I. We conclude that g is the
two-dimensional Lie superalgebra M s M . It is clear that M is the1
 4double extension of 0 by the one-dimensional Lie superalgebra N s N .1
 4  4Suppose that g / 0 and g / 0 . If g is a reductive Lie algebra,0 1 0
then by Theorems 2.1 and 2.2, g is simple or g is a double extension of a
Ž .quadratic Lie superalgebra h , T by the one-dimensional Lie algebra.
Now, we assume that g is not a reductive Lie algebra. Since the0
ng -module g is semisimple, g s [ O , where O is a simple g -sub-0 1 1 i i 0is1
 4 Ž .module of g for all i g 1, . . . , n . Denote by p resp. p the representa-1 i
Ž .tion of g associated to the g -module g resp. O . Because p is an0 0 1 i i
 4irreducible representation of g of each i g 1, . . . , n , then the nilpotent0
isnw Ž .xradical a s g , R g of g is contained in Ker p s F Ker p . Since0 0 0 is1 i
 4 w xg is not a reductive Lie algebra, then a / 0 . The fact that Ker p , g s0 1
 40 implies that a and Ker p are graded ideals of g contained in g . Since0
H 4  4g is B-irreducible and g / 0 , then a l a / 0 . Now, let us distinguish1
two cases:
H Hw x  4 Ž .First Case. g , a l a s 0 . Then, a l a ; z g . Choose an ele-0
ment x of a H . The sub-space I s K x of g generated by x is a minimal
graded ideal of g; thus I H is a maximal graded ideal of g. Because
Ž .  4B g ,g s 0 and I ; g , there exists an element y of g such that0 1 0 0
Hg s I [K y. Since y g g , K y is a sub-superalgebra of g , and it follows0
H ÄŽ .by Theorem 1.2 that g is a double extension of I rI , B by K y, where
Ä HB is the invariant scalar product on I rI induced by B.
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H Hw x  4 w xSecond Case. g , a l a / 0 . First, we show that g , a l a ;0 0
HŽ . w Ž .xR g . From the equality a s g , R g , we deduce0 0 0
H H  4B g , a l a , R g s B a l a , g , R g s 0 .Ž . Ž .Ž .Ž .0 0 0 0
H H Hw x Ž . Ž . w xThus, g , a l a ; R g l R g . Then g , a l a is a graded0 0 0 0
HŽ . Ž . Ž .ideal of g which is contained in R g l R g lKer p .0 0
Let us consider the set V of all non-zero graded ideals I of g such that
H Hw x w xI ; g , a l a . V is not empty because g , a l a g V. Let m be a0 0
 4smallest element of the set dim I: I g V . There exists an element I of
V such that dim I s m. Therefore, I is a non-zero minimal graded ideal
H Hw x Ž .  4of g such that I ; g , a l a . Let us remark that from R g / 00 0
Ž .  4 Ž .we get g s s [ R g with s / 0 s is a Levi's component of g . Let0 0 0
X  Ž .  44us consider s s x g s : B s , J s 0 . The invariance of B shows that
X HŽ .s is an ideal of s. Since B is non-degenerate and J ; R g , we0
X Y Y  4obtain s / s , and thus there exists an ideal s of s such that s / 0
X Y H X Ž .and s s s [ s . Therefore J s s [ R g [ g , which is a maximal0 1
Ž .graded ideal of g because J is a minimal graded ideal of g , and
g s J H [sY. By Theorem 1.2, we conclude that g is a double extension of
H Ä Y Ä HŽ .J rJ , B by s , where B is the invariant scalar product on J rJ
induced by B.
As an application of Theorem 3.1, we answer, in the case of quadratic
Lie superalgebras with the completely reducible action of the even part to
the odd part, the following question: What can we say about the structure
Ž .of Lie superalgebras g having a unique up to constant quadratic struc-
ture?
THEOREM 3.2. Let g be a Lie superalgebra such that the action of g on0
g is semisimple and dim g ) 2; then g admits a quadratic structure which is1
unique up to a constant if and only if g is a basic classical Lie superalgebra.
Proof. If g is a basic classical Lie superalgebra, it is known that g
Ž w x.admits a quadratic structure which is unique up to a constant see 12 .
Conversely, suppose that g admits a quadratic structure which is unique
up to a constant, and let B be an invariant scalar product on g. It is clear
that g must be B-irreducible.
Now, if g is not simple, then, by Theorem 3.1, g is the double extension
Ž .of a quadratic Lie superalgebra g , B by a semisimple or by the1 1
 4one-dimensional Lie algebra g / 0 . Since g is a semisimple or the2 2
one-dimensional Lie algebra, then g admits an invariant scalar product2
g . Thus, Theorem 1.1 ensures that for every k g K the bilinear form Tk
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on g s gU [ g [ g defined by2 1 2
T X q X q f , Y q Y q gŽ .k 2 1 2 1
x ys B X , Y q kg X , Y q f Y q y1 g X ,Ž . Ž . Ž . Ž . Ž .1 1 1 2 2 2 2
where X q X q f and Y q Y q g are homogeneous of degree x and y,2 1 2 1
respectively, is an invariant scalar product on g.
If k g K is any non-zero scalar, then T and T are linearly independent0 k
since g / 0. Hence g does not admit a quadratic structure which is unique
up to a constant, and the hypothesis fails. This proves that g must be
simple.
Remark 3.1. By using the Levi]Malcev decomposition, a proof of the
w xsame result for the Lie algebras is given in 1 . This decomposition is not
valid for Lie superalgebras, and we have to consider the notion of double
extension to be able to conclude.
Note that we cannot use Theorem 3.1 to classify the quadratic Lie
superalgebras with the completely reducible action of its even part on its
odd part, since the h -module h is not necessarily semisimple, where h is0 1
Ž .the quadratic Lie superalgebra h , T appearing in Theorem 3.1. Neverthe-
less, as we will see below, we give an inductive classification of solvable
Ž .quadratic Lie superalgebras g s g [ g , B such that the g -module g0 1 0 1
is semisimple.
First, let us define a second particular double extension of a quadratic
Ž .Lie superalgebra g , B such that the g -module g is semisimple by the0 1
one-dimensional Lie algebra L s K e.
Ž .Let g , B be a quadratic Lie superalgebra such that the g -module g0 1
n 4is semisimple. If g / 0 , then g s [ U , where U , 1 F i F n, are1 1 i iis1
Ž . Ž . Ž .g -sub-modules of g satisfying assertions i , ii , and iii of Lemma 2.1.0 1
Let D: g “ g be the linear map such that
Ž . Ž .i D g ; g and D is an antisymmetric derivation of a0 0 < g 0
Ž .quadratic Lie algebra g , B s B .0 0 g =g0 0
Ž . Ž m .  4ii D [ U s 0 .iis1
Ž .iii D s k Id and D s yk Id , where k g K, for all i g<U i U <U i U ii1 i1 i2 i2
 4m q 1, . . . , n .
It is easy to see that D is a homogeneous superantisymmetric superderiva-
tion of degree 0 of g.
Ž . Ž .Let us consider the linear map c : L s K e “ Der g ; Der g defineda
Ž . Žw x w xby c ke s kD for all k g K. The fact that ke, le s kD, lD s 0, for all
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k, l g K, implies that c is a morphism of Lie superalgebras. We denote by
Ž .F the double extension of g , B by L by means of c .
Ž .DEFINITION 3.1. F is called a nice double extension of g , B by the
one-dimensional Lie algebra.
ULet us remark that F s F [ F , where F s g [ L [ L and F s0 1 0 0 1
U Ž .  4g . By Theorem 1.1, L ; z F , and if g / 0 we have for all X g g ,1 1 1
w x Ž .e, X s D X , which implies that the F -module F s g is semisim-F 0 1 1
ple.
 4If g s 0 , every double extension of g by the one-dimensional Lie1
algebra is also called a nice double extension by the one-dimensional Lie
algebra and is also denoted by F.
Ž .PROPOSITION 3.2. Let g , B be a B-irreducible sol¤able quadratic Lie
superalgebra such that the g -module g is semisimple. Then, g is the0 1
one-dimensional Lie algebra, g is the two-dimensional Lie superalgebra
M s M , or g is a nice double extension of a sol¤able quadratic Lie1
Ž .superalgebra h , T by the one-dimensional Lie algebra such that the h -mod-0
Ž .ule h is semisimple and dim h s dim g y 2.1
Proof. Suppose that g is neither the one-dimensional Lie algebra nor
 4the two-dimensional Lie superalgebra M s M . Consequently, g / 0 .1 0
w x Ž .  4Since g is solvable, then g , g / g. Therefore, z g / 0 because
Hw x Ž . Ž . Ž .g , g s z g . By Lemma 2.2, z g ; g , and if we choose X g z g such0
that X / 0, then the vector sub-space I s K X of g generated by X is a
minimal graded ideal of g. By the same arguments used in the proof of
Theorem 3.1, we can say that there exists Y g g such that g is a double0
H ÄŽ .extension of the solvable quadratic Lie superalgebra h s I rI , B by
the Lie algebra V s KY by means of the Lie superalgebras morphism c :
Ž H . Ž H . Ž .Ž Ž ..V s KY “ Der I rI ; Der I rI defined by c Y N i sa
Žw x. H HN Y, i , ; i g I , where N is the canonical projection of I on
H Ä ÄŽ Ž . Ž .. Ž .I rI. Let us recall that B is defined by B N x , N y s B x, y ,
; x, y g I H .
 4If g s 0 , then g is a Lie algebra which is the double extension of a1
solvable Lie algebra by the one-dimensional Lie algebra and hence is a
nice double extension.
n 4If g / 0 , then g s [ U , where U , 1 F i F n, are g -sub-modules1 1 i i 0is1
Ž . Ž . Ž .of g which verify assertions i , ii , and iii of Lemma 2.1.1
By Lie's theorem there exist e g g such that U s K e for all i gi 1 i i
 41, . . . , m , and there exist e , e g g such that U s K e and U s K ei1 i2 1 i1 i1 i2 i2
 4for all i g m q 1, . . . , n . Consequently, for any x g g we have0
Ž . Ž . Ž .a There exists k x g K such that ad x s k x Id , for alli g <U i Ui i
 4i g 1, . . . , m ;
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Ž . Ž . Ž . Ž .b There exist k x and k x in K such that ad x s k x Idi1 i2 g <U i1 Ui1 i1
Ž .  4and ad x s k x Id , for all i g m q 1, . . . , n .g <U i2 Ui2 i2
Then, the h -module h is semisimple since h s g . We conclude that0 1 1 1
g is a nice double extension of a solvable quadratic Lie superalgebra
Ž .h , T by the one-dimensional Lie algebra such that the h -module h is0 1
Ž .semisimple and dim h s dim g y 2.
 4Let B be the set consisting of 0 , the one-dimensional Lie algebra, and
the two-dimensional Lie superalgebra M s M .1
Ž .THEOREM 3.3. Let g s g [ g , B be a sol¤able quadratic Lie superal-0 1
gebra such that the g -module g is semisimple. Then, either g is an element0 1
of B or g is obtained by a sequence of nice double extensions by the
one-dimensional Lie algebra andror orthogonal direct sums of quadratic Lie
superalgebras from a finite number of elements of B.
Proof. We prove this theorem by induction on the dimension of g. If
dim g s 0, then g g B. If dim g s 1, then g s g is the one-dimensionalÄ0
Lie algebra because dim g is even. Thus g g B.1
If dim g s 2, then either g s g or g s g . If g s g , then g s M and0 1 1
so g g B. If g s g , the fact that K is algebraically closed implies that0
 4 Ž . Ž .there exists e , e a basis of g such that B e , e / 0, B e , e / 0, and1 2 1 1 2 2
Ž .B e , e s 0; then g is an orthogonal direct sum of two copies of the1 2
one-dimensional Lie algebra.
Now, let us assume that the theorem is true if dim g - n, and we shall
show it when dim g s n.
First Case. Suppose that g is B-irreducible. Then, by Proposition 3.2, g
Ž .is a nice double extension of a solvable quadratic Lie superalgebra h , T
Ž .such that dim h s dim h y 2 and the h -module h is semisimple by the0 1
one-dimensional Lie algebra.
Ž .We apply the induction hypothesis to h , T , and we obtain the theorem
for g.
Ž . m ŽSecond Case. g , B is not B-irreducible. Then g s [ g withiis1
.m G 2 where g , 1 F i F m, are non-degenerate graded ideals of gi
Ž . Ž .satisfying assertions ii and iii of Proposition 1.1. Moreover, the g -i0
 4module g is semisimple, for all i g 1, . . . , m .i1
 4Since g is solvable, g is solvable for all i g 1, . . . , m .i
By the induction hypothesis, the theorem holds for each g wherei
 4 Ž .i g 1, . . . , m ; thus g , B satisfies the theorem.
Remark 3.2. Since the double extension of a solvable Lie superalgebra
by the one-dimensional Lie algebra is a solvable Lie superalgebra, we see
that the converse of Theorem 3.3 is clear, that is, if g is a Lie superalgebra
QUADRATIC LIE SUPERALGEBRAS 365
belonging to B or is obtained by a sequence of nice double extensions by
the one-dimensional Lie algebra andror orthogonal direct sums of
quadratic Lie superalgebras from a finite number of elements of B , then
g is a solvable quadratic Lie superalgebra such that the g -module g is0 1
semisimple.
We finish this paper by the classification of quadratic semisimple Lie
superalgebras with completely reducible action of its even part on its odd
part.
Ž .THEOREM 3.4. Let g s g [ g , B be a quadratic Lie superalgebra0 1
such that the g -module g is semisimple. Then g is semisimple if and only if0 1
g s [n g , where each g is a non-degenerate graded ideal of g such thati iis1
Ž .  4g is a basic classical Lie superalgebra, and B g , g s 0 for all i, j gi i j
 41, . . . , n such that i / j. Moreo¤er, this decomposition is unique.
Proof. If g s [n g , where each g is a graded ideal of g such thati iis1
Ž . n Ž .  4g is a basic classical Lie superalgebra, then R g s [ R g s 0i iis1
and g is semisimple.
Ž Ž .  4.Conversely, let us assume that g is semisimple i.e., R g s 0 . Since
nŽ .g , B is quadratic and the g -module g is semisimple, then g s [ g ,0 1 iis1
where g , 1 F i F n, are non-degenerate graded ideals of g satisfyingi
Ž . Ž .assertions ii and iii of Proposition 1.1. Moreover, the g -module g isi i0 1
 4semisimple, for all i g 1, . . . , n .
 4Suppose that there exists i g 1, . . . , n such that g is not simple.0 i0
Then there exists a non-trivial graded ideal I of g which is also a gradedi0
ideal of g. Then I H is a graded ideal of g. We can assume that I is
Ž . H  4minimal. By ii , I is degenerate and then I l I / 0 . Now I is
minimal; then I s I l I H and B s 0. Since B is invariant, then I< I=I
Ž . Ž .  4is abelian and I ; R g , which contradicts the fact that R g s 0 . We
 4conclude that g is a basic classical Lie superalgebra, for all i g 1, . . . , n .i
Now, let us that g s [m gX , where each gX is a graded ideal of g suchi iis1
X  4 Xthat g is a basic classical Lie superalgebra. Let k g 1, . . . , m . Since g isi k
w X X x X w X x X Xsimple, then g , g s g . Therefore, g , g s g , and thus g sk k k k k k
n w X x X Ž .  4[ g , g . Since g is simple, there exists a k g 1, . . . , n such thati k kis1
X w X x Xg s g , g . The fact that g and g are simple graded ideals of gk a Žk . k a Žk . k
implies that g s gX . We conclude that n s m, and for any k ga Žk . k
 4 Ž .  4 X1, . . . , n there exists a unique a k g 1, . . . , n such that g s g .a Žk . k
Finally, the decomposition g s [n g is unique, and each graded idealiis1
g of g is a basic classical Lie superalgebra.i
w xRemark 3.3. Since in Proposition 1.1 of 9 . V. Kac gives the list of
w xbasic classical Lie superalgebras, Proposition 1.1 of 9 and Theorem 3.4
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classify completely the quadratic semisimple Lie superalgebras with the
completely reducible action of the even part on the odd part.
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